We study the conservation laws associated with the asymptotic Poincaré symmetry of spacetime in the general teleparallel theory of gravity. Demanding that the canonical Poincaré generators have well defined functional derivatives in a properly defined phase space, we obtain the improved form of the generators, containing certain surface terms. These terms are shown to represent the values of the related conserved charges: energy-momentum and angular momentum.
I. INTRODUCTION
A field theory is defined by both the field equations and boundary conditions. In contrast to the usual flat-space field theories, the boundary conditions in gravitational theories define the asymptotic structure of spacetime -the gravitational vacuum. The asymptotic symmetry of the theory has a very clear dynamical interpretation: the symmetry of the action breaks down to the symmetry of boundary conditions, which plays the role of the physical symmetry and defines the corresponding conservation laws (spontaneous symmetry breaking). A consistent picture of the gravitational energy and other conserved quantities in general relativity (GR) emerged only after the role of boundary conditions and their symmetries had been fully recognized [1] [2] [3] .
The Poincaré gauge theory [4] [5] [6] (PGT) is a natural extension of the gauge principle to spacetime symmetries, and represents an attractive alternative to the non-renormalizable general relativity (GR) (for more general attempts see Ref. [7] ). A particularly interesting limit of PGT is given by the teleparallel geometry [8] [9] [10] [11] . The teleparallel description of gravity has been a promising alternative to GR until the work of Kopczyński [12] , who found a hidden gauge symmetry which prevents the torsion from being completely determined by the field equations, and concluded that the theory is inconsistent. Nester [13] improved these arguments by showing that the unpredictable behavior of torsion occurs only for some very special solutions (see also Refs. [14] ). The canonical analysis of the teleparallel formulation of GR [15] (see also Ref. [16] ) is an important step towards clarifying the gauge structure of the teleparallel theory. The presence of non-dynamical torsion components is shown to be not a sign of an inconsistency, but a consequence of the constraint structure of the theory.
Further progress in that direction has been made by carrying out an explicit construction of the generators of all gauge symmetries of the general teleparallel theory [17] . In the present paper, we continue this investigation by studying the important relation between asymptotic symmetries and conserved charges for the gravitating systems which are characterized by the global Poincaré symmetry at large distances. Our approach is based on the Hamiltonian formalism, where the requirement that the asymptotic symmetry generators have well defined functional derivatives leads to the appearance of certain surface terms [3, 18] . These terms are shown to represent the conserved values of the energy-momentum and angular momentum.
Basic gravitational variables in PGT are the tetrad field b . General geometric structure of PGT is described by the Riemann-Cartan space U 4 , possessing metric (or tetrad) and metric compatible connection. The teleparallel or Weitzenböck geometry T 4 can be formulated as a special limit of PGT, characterized by a metric compatible connection possessing non-vanishing torsion, while the curvature is restricted to vanish:
(1.1)
In the absence of matter, teleparallel theories describe the dynamical content of spacetime by a class of Lagrangians quadratic in the torsion:
Here, the Lagrange multipliers λ ij µν ensure the teleparallelism condition (1.1), A, B and C are free parameters, a = 1/2κ (κ is Einstein's gravitational constant), and T k = T 
The physical interpretation of the teleparallel theories is based on the observation that there exists a one-parameter family of the teleparallel Lagrangians (1.2), defined by the condition i) 2A + B + C = 0, C = −1, which represents a viable gravitational theory for macroscopic matter, observationally indistinguishable from GR [9] [10] [11] . For the parameter value ii) B = 1/2, the teleparallel Lagrangian coincides, modulo a four-divergence, with the Hilbert-Einstein Lagrangian, and defines the teleparallel form of GR, GR . The layout of the paper is as follows. In Sec. II, we construct the generators of the asymptotic (global) Poincaré symmetry from the corresponding local expressions [17] , and introduce an appropriate asymptotic structure of the phase space in which these generators act. Then, in Sec. III, we impose the requirement that the asymptotic Poincaré generators have well defined functional derivatives. This leads to the appearance of certain surface terms in the generators, which define the values of the related charges: energy-momentum and angular momentum of the gravitating system. In the next section, we discuss the conservation laws of these charges, which are associated with the asymptotic symmetry of spacetime. In Sec. V, we transform our expressions for the conserved charges into the Lagrangian form, and compare them with the known GR results. Finally, Sec. VI is devoted to concluding remarks, while some technical details are presented in the Appendices.
Our conventions are the same as in Refs. [15] [16] [17] [18] : the Latin indices refer to the local Lorentz frame, the Greek indices refer to the coordinate frame; the first letters of both alphabets (a, b, c, . . . ; α, β, γ, . . .) run over 1, 2, 3, and the middle alphabet letters (i, j, k, . . . ; µ, ν, λ, . . .) run over 0, 1, 2, 3; η ij = (+, −, −, −), and ε ijkl is completely antisymmetric symbol normalized by ε 0123 = +1.
II. ASYMPTOTIC SYMMETRY OF SPACETIME
We begin our considerations by discussing the asymptotic structure of spacetime and the related form of the symmetry generators in the teleparallel theory. Our attention will be limited to gravitating systems which are characterized by the global Poincaré symmetry at large distances.
A. Poincaré invariance in the asymptotic region
The generators of local Poincaré transformations in the teleparallel theory of gravity are constructed in Ref. [17] (Appendix A). The global Poincaré transformations of fields and momenta are obtained from the corresponding local transformations, given in Eqs. (2.3) and (5.2) of Ref. [17] , by the replacements
where ε ij , ε µ are constants, and ε µ ν = δ µ i η jν ε ij . We use the usual convention according to which indices of quantities related to the asymptotic spacetime are raised and lowered by the Minkowski metric, while the transition between local Lorentz and coordinate basis is realized with the help of the Kronecker symbol. In an analogous manner, the global Poincaré generators are obtained from the corresponding local expressions (A4):
where
The quantities P µ and S µν = δ i µ δ j ν S ij are defined in Appendix A.
B. The phase space
We shall be concerned here with finite gravitational sources, characterized by matter fields which decrease sufficiently fast at large distances, so that their contribution to surface integrals vanishes. In that case, we can assume that spacetime is asymptotically flat, i.e. that the following two conditions are fulfilled [19, 20] : a) there exists a coordinate system in which the metric g µν of spacetime becomes
Minkowskian at large distances: g µν = η µν + O 1 , where O n = O(r −n ) denotes a term which decreases like r −n or faster for large r, and
b) the Lorentz field strength defines the absolute parallelism for large r:
The first conditions is self evident, and the second one is trivially satisfied in the teleparallel theory, where R ij µν (A) = 0. The vanishing of the curvature means that the Lorentz gauge potential A ij µ is a pure gauge, hence it can be transformed to zero by a suitable local Lorentz transformation. Therefore, we can adopt the following asymptotic behavior of the translational and Lorentz gauge fields:
whereÔ denotes a term with an arbitrarily fast asymptotic decrease. There is one more Lagrangian variable in the teleparallel theory, the Lagrange multiplier λ ij µν , which is not directly related to the above geometric conditions a) and b). Its asymptotic behavior can be determined with the help of the second field equation, leading to λ ij µν = const. + O 1 . Observe, however, that the teleparallel theory is invariant under the lambda gauge transformation δ 0 λ ij µν = ∇ ρ ε ij µνρ [17] , which can be used to transform the constant piece of λ ij µν to zero. Hence, without loss of generality we can adopt
The vacuum values of the fields, b 
The above relations impose serious restrictions on the gravitational field in the asymptotic region, and define an isolated gravitational system (characterized, in particular, by the absence of gravitational waves). The asymptotic behavior (2.3) and (2.4) is compatible not only with global Poincaré transformations, but also with a restricted set of local Poincaré transformations, whose gauge parameters decrease sufficiently fast for large r.
In addition to the asymptotic conditions (2.3) and (2.4), we shall adopt the principle that all the expressions that vanish on shell have an arbitrarily fast asymptotic decrease, as no solution of the equations of motion is thereby lost. In particular, the constraints of the theory are assumed to decrease arbitrarily fast, and consequently, all volume integrals defining the Poincaré generators (2.2) are convergent.
The asymptotic behavior of momentum variables is determined using the asymptotics for the fields and the relation π −∂L/∂φ =Ô, in accordance with the above principle. Thus, we find
In a similar manner, we can determine the asymptotic behavior of the Hamiltonian multipliers (for instance,Ȧ 
III. IMPROVING THE POINCARÉ GENERATORS
In the Hamiltonian theory, the generators of symmetry transformations act on dynamical variables via the Poisson bracket operation, which is defined in terms of functional derivatives. A functional
has well defined functional derivatives if its variation can be written in the form
where terms δϕ ,µ and δπ ,ν are absent. The global Poincaré generators (2.2) do not satisfy these requirements, as we shall see. This will lead us to improve their form by adding certain surface terms, which turn out to define energy-momentum and angular momentum of the gravitating system [3, 18] .
A. Spatial translation
The variation of the spatial translation generator P α , given by Eq. (A4c), yields
Here, all terms that contain unwanted variations δπ ,α or δϕ ,α are written explicitly, while those that have the correct, regular form (3.1) are denoted by R. A simple formula 
Using the explicit form ofH α , equation (A1c), we obtain the result
where the last equality follows from π i γ δb i γ = O 3 . As a consequence, the variation of the spatial translation generator P α can be written in the simple form
where E α is defined as a surface integral over the boundary of the three-dimensional space. This result allows us to redefine the translation generator P α ,
so that the new, improved expressionP α has well defined functional derivatives.
, in view of the asymptotic conditions (2.5). While the old generator vanishes on shell (as an integral of a linear combination of constraints),P does not -its on-shell value is E α . SinceP α is the generator of the asymptotic spatial translations, we expect that E α will be the value of the related conserved charge -linear momentum; this will be proved in Sec. 4.
B. Time translation
Similar procedure can be applied to the time translation generator P 0 :
where we used Eq. (A4c) for P 0 , and the adopted asymptotic conditions for A ij 0 and π ij 0β . Since H T does not depend on the derivatives of momenta (on shell), as shown in Appendix C of Ref. [17] , we can write
The second term has the form ∂Ô + R, so that
and we find that
Hence,
The improved time translation generator
has well defined functional derivatives, and the surface term E 0 is finite on account on the adopted asymptotics. As we shall see, the on-shell value E 0 of the time translation generator represents the energy of the gravitating system. Expressions (3.6) and (3.3) for the energy and momentum can be written in a Lorentz covariant form:
It is interesting to observe that the value of the energy E 0 can be calculated from the
C. Rotation
Next, we want to check if the rotation generator M αβ has well defined functional derivatives:
where π µν ρ = δ i µ δ j ν π ij ρ . Using the expression (3.2c) for δP α , one finds
In the course of obtaining the above expression, the term dS
has been discarded as a consequence of dS α ∝ x α on the integration sphere. The corresponding improved rotation generator is given by
AlthoughM αβ has well defined functional derivatives, the assumed asymptotics (2.3)-(2.5) does not ensure the finiteness of E αβ owing to the presence of O 1 terms. Note, however, that the actual asymptotics is refined by the principle of arbitrarily fast decrease of all onshell vanishing expressions. Thus, we can use the constraintsH α andH ij , in the lowest order in r −1 , to conclude that
where π µν = δ i µ η νρ π i ρ . As a consequence, the angular momentum density decreases like O 3 :
As all variables in the theory are assumed to have asymptotically polynomial behaviour in r −1 , the integrand of E αβ must essentially be of an O 2 type to agree with the above constraint. The possible O 1 terms are divergenceless, and do not contribute to the corresponding surface integral (as shown in Appendix B). This ensures the finiteness of the rotation generator.
D. Boost
By varying the boost generator (2.2b), we find: 14) in analogy with (3.9). Here, we need to calculate δP 0 , equation (3.5a), up to terms ∂O 4 . A simple calculation gives 15) where the term
is not a total variation, nor does it vanish on account of the asymptotic conditions (2.3)-(2.5). To get rid of this unwanted term, we shall further restrict the phase space by adopting the following parity conditions:
where n = x/r is the three-dimensional unit vector, and
Time independence of p iµ , and linear time dependence of q iµ are a consequence of the required invariance of asymptotic conditions under the global Poincaré transformations. It is straightforward to verify that the refined asymptotics ensures the vanishing of the unwanted X term in (3.15) . Therefore, the improved boost generator, with well defined functional derivatives, has the form
It remains to be shown that the adopted asymptotics ensures the finiteness of E 0β . That this is indeed true can be seen by analyzing the constraintsH ⊥ andH ij at spatial infinity. Using the needed formulas from Appendix A, one finds:
One should observe that this result holds in any teleparallel theory; indeed, the relation
It is now easy to verify that the boost density decreases like O 3 for large r. Then, the arguments given in Appendix B lead us to conclude that E 0β is finite.
The improved boost generatorM 0β is a well defined functional on the phase space defined by the refined asymptotic conditions (2.3)-(2.5) and (3.16). The importance of suitably chosen parity conditions for a proper treatment of the angular momentum has been clearly recognized in the past [3, 21] .
Using the Lorentz 4-notation, we can write:
IV. CONSERVED QUANTITIES
In the preceding section, we obtained the improved Poincaré generators (P µ ,M µν ). Their action on the fields and momenta is the same as before, since surface terms act trivially on local quantities. Explicit transformations are obtained by the replacement (2.1) in the local expressions of Ref. [17] . Once we know the generatorsP µ andM µν have the standard Poincaré action on the whole phase space, we deduce their algebra to be that of the Poincaré group:
The line of reasoning that leads to the above result does not guarantee the strong equalities in (4.1). They are rather equalities up to trivial generators, such as squares of constraints and surface terms. In fact, the latter are not expected to appear in (4.1) as a consequence of the result of Ref. [22] that the Poisson bracket of two well defined generators is necessarily a well defined generator. This is of particular importance for the existence of conserved quantities in the theory. In what follows, we shall explicitly verify the absence of these surface terms, and prove the conservation of all the symmetry generators. The result (4.1) is an expression of the asymptotic Poincaré invariance of the theory. In what follows, our task will be to show that this symmetry implies, as usual, the existence of conserved charges.
The general method for constructing the generators of local symmetries in the Hamiltonian approach has been developed by Castellani [23] . A slight modification of that method can be applied to study global symmetries. One can show that necessary and sufficient conditions for a phase-space functional G[ϕ, π, t] to be a generator of global symmetries take the form:
whereH is the improved Hamiltonian, C P F C is a primary first class constraint, φ m ≈ 0 are all the constraints in the theory, and as before, the equality sign denotes an equality up to surface terms and squares of constraints. The improved Poincaré generatorsP µ ,M µν are easily seen to satisfy (4.2b), as they are given, up to surface terms (whose action on local quantities is trivial), by volume integrals of first-class constraints. Having in mind that the improved HamiltonianH equalsP 0 , one can verify that the condition (4.2a) is also satisfied, as a consequence of the part of the algebra (4.1) involvingP 0 . The condition (4.2a) is related to conservation laws; this is clearly seen if we rewrite it as a weak equality
where S denotes possible surface terms. We see that the generator G is conserved only if these surface terms are absent. In what follows, we shall explicitly evaluate dG/dt for each of the generators G =P µ ,M µν , and check their conservation. 1. Let us begin with the energy. First, we note thatP 0 , being a well defined functional, must commute with itself:
since the only explicit time dependence of the total Hamiltonian is due to the arbitrary multipliers, which are always multiplied by the primary first class constraints. Therefore,
and we see that the surface term E 0 , representing the on-shell value of the energy, is a conserved quantity.
2.
The linear momentum and the spatial angular momentum have no explicit time dependence. To evaluate their Poisson brackets withP 0 , we shall use the following procedure. Our improved generators are (non-local) functionals, having the form of integrals of some local densities. The Poisson bracket of two such generators can be calculated by acting with one of the generators on the integrand of the other. In the case of linear momentum, we have
becauseĤ T ≈ 0 is a constraint in the theory, and therefore, weakly commutes with all the symmetry generators. The last term in the above formula is easily evaluated (Appendix C), with the final result
as a consequence of ∂ α π 0 γ = O 3 . Therefore, no surface term appears in (4.3) for G =P α , and we have the conservation law
3. In a similar way, we can check the conservation of the rotation generator. Using the results of Appendix C, we find: (3.18) . Therefore, the surface term in (4.3) is absent for G =M αβ , and the on-shell value of the rotation generator is conserved:
4. Finally, the boost generator (2.2b) has an explicit, linear dependence on time, and satisfies
The evaluation of the Poisson bracket in (4.8) is done with the help of Appendix C:
where we used the antisymmetry of ∂L/∂b 0 α ,γ in (α , γ). As opposed to all the other generators, the Poisson bracket of the boost generator withP 0 does not vanish: its on-shell value is precisely the value of the linear momentum E β . Substitution of this result back into (4.8) yields the boost conservation law [*]:
In conclusion, all ten Poincaré generators of the general teleparallel theory are conserved quantities in the phase space defined by the appropriate asymptotic and parity conditions.
V. LAGRANGIAN FORM OF THE CONSERVED CHARGES
In this section,we wish to transform our Hamiltonian expressions for the conserved quantities into the Lagrangian form, and compare the obtained results with the related GR expressions. This will be achieved by expressing all momentum variables, in E µ and E µν , in terms of the fields and their derivatives, using the defining relations π A = ∂L/∂φ A . All calculations refer to the one-parameter teleparallel theory (2A + B = 1, C = −1).
A. Energy and momentum
The energy-momentum expression (3.8) can be transformed into the Lagrangian form with the help of the relation (D3) that defines π i γ :
Now, we wish to compare this result with GR. Using the decomposition of f Note that the second term in β ij 0 , proportional to (2B − 1) and given by Eq. (D4), does not contribute to this result. Now, after introducing the quantity
one easily verifies that h 00γ = 2a(s c c,γ − s c γ,c ) + O 3 . Then, after discarding the inessential divergence of the antisymmetric tensor in H 0 0γ , we find the following Lagrangian expression for E 0 :
Thus, the energy of the one-parameter teleparallel theory is given by the same expression as in GR.
In a similar manner, we can transform the expression for E α . Starting with equation (D4), we note that the first term in β ij 0 , which corresponds to GR (B = 1/2), gives the contribution
which, after dropping the irrelevant divergence of the antisymmetric tensor, can be identified with h α 0γ . The contribution of the second term has the form
where A T ijk = T ijk + T kij + T jki . Thus, the complete linear momentum takes the form
which is different from what we have in GR. Energy and momentum expressions (5.2) and (5.3) can be written in a Lorentz covariant form as
In the case 2B − 1 = 0, corresponding to GR , we see thatθ µν coincides with the LandauLifshits symmetric energy-momentum complex θ µν ≡ h µνρ ,ρ of GR. When 2B − 1 = 0, the momentum acquires a correction proportional to the totally antisymmetric part of the torsion.
B. Angular momentum
The elimination of momenta from Eq. (3.19) leads to
where we used the expression (D3) for π k α , and π µν γ ≈ 4δ i µ δ j ν λ ij 0γ . In order to compare this result with GR, we shall first eliminate λ by going over to the three-dimensional integral. This is most easily done in the gauge A ij µ = 0. In what follows, all the calculations and results refer to this gauge. Thus,
where we used Eq. (1.3b) in the form λ ij
The contribution of the first term in β ij
0 , which is given in Eq. (D4) and corresponds to GR (2B − 1 = 0), has the form (see Appendix D):
where ψ µ0γν satisfies the relation ∂ γ ψ µ0γν = h µ0ν − h ν0µ , and O(f 2 ) denotes terms quadratic in f i µ and/or its derivatives. The parity conditions (3.16) ensure that the O(f 2 ) terms do not contribute to the related surface integral, hence
Here, the tensor K µνλρ = x µ h νλρ − x ν h µλρ + ψ λµνρ satisfies the relation
so that the angular momentum of GR also has the same form as in GR. The contribution of the second term in Eq. (D4), proportional to 2B − 1, is given by
The second term on the rhs can be written as a divergence only if we return to the λ variable. Indeed, combining time components of the equations (1.3b) and (D1b), we find
We shall rather dispense with λ and continue to work with a volume integral. Ignoring the inessential O(f 2 ) terms in the first contribution to E µν (2) , we obtain:
Therefore, the Lagrangian form of the complete angular momentum is determined by
Note that the integrand E µν in (5.8b) is not of the simple form x µθν0 − x νθµ0 , since the corrected energy-momentum complexθ µν is (in general) not symmetric.
C. Comments
Now, we wish to make some additional comments, related to the question of comparing the conserved charges in the one-parameter teleparallel theory and GR.
1. Using convenient gauge conditions, in particular the λ symmetry of Ref. [17] , we can combine the field equations (1.3) and identities (D1b) to derive the following relation:
With the help of this result, we can show that: a) each of the two terms in the energy-momentum expression E µ , namely the GR term and the extra term proportional to 2B − 1, is conserved (and finite) by itself, and b) each term in the angular momentum E µν , E µν (1) and E µν (2) , is also conserved (and finite) by itself.
2. Our results for the conserved charges are valid for any solution satisfying the asymptotic conditions defined by equations (2.3)-(2.5) and (3.16) . Assuming that the gravitational field is produced by the Dirac field as a source, Hayashi and Shirafuji [9] found a specific solution for which
γ is the spin of the source, and κ = −1/8π(2B − 1). The solution is obtained in the linear approximation, and yields a non-vanishing antisymmetric part of the torsion A T ijk . Using our expressions for the conserved charges, we verified that this solution gives a non-zero correction to the GR value of the angular momentum ( E (2) αβ ∼ ε αβγ S γ ). Kawai and Toma [24] studied the Noether charges corresponding to this solution in a non-standard formulation of the teleparallel theory, and concluded that all contributions stemming from A T ijk effectively vanish. This agrees with our results concerning energy, momentum and boost, but apparently contradicts the spatial angular momentum. Notice, however, that E (2) αβ is conserved by itself. Therefore, E αβ = E (1) αβ + const., so that angular momentum of the one-parameter teleparallel theory effectively reduces to the corresponding GR expression, up to an additive constant.
3. All our results are obtained in the absence of matter fields, but as far as the surface integral representation of the conserved quantities is considered, they are also valid in the presence of matter. This is the consequence of our restriction to finite gravitational sources, whose contribution to surface integrals vanishes. However, the volume integrals of Sec. V should be corrected by adding terms proportional to the energy-momentum and spin currents of matter fields. When matter is included, these appear on the rhs of equations (1.3a) and (1.3b), respectively.
VI. CONCLUDING REMARKS
In this paper, we presented an investigation of the connection between the asymptotic Poincaré symmetry of spacetime and the related conservation laws of energy-momentum and angular momentum in the general teleparallel theory of gravity.
The generators of the global Poincaré symmetry in the asymptotic region are derived from the related gauge generators, constructed in Ref. [17] . Since these generators act on dynamical variables via the Poisson bracket operation, it is natural to demand that they have well defined functional derivatives in a properly defined phase space. This requirement leads to the conclusion that the Poincaré generators have to be improved by adding certain surface terms, which represent the values of energy-momentum and angular momentum of the gravitating system.
The general asymptotic behavior of dynamical variables, determined by Eqs. (2.3)-(2.5), is sufficient to guarantee the existence of well behaved (finite and differentiable) generators of spacetime translations and spatial rotations. This is, however, not true for boosts: they can be improved by adding surface integrals only if one imposes the additional parity conditions (3.16) . Using the canonical criterion (4.2), we were able to show that the improved generators are not only finite, but also conserved; hence, the related charges, energy-momentum and angular momentum, are the constants of motion.
Our results for energy-momentum and angular momentum are valid for the general teleparallel theory. In the context of GR , Nester [25] used some geometric arguments to derive an energy-momentum expression, which agrees with our formula (3.8) . On the basis of this result, he was able to formulate a pure tensorial proof of the positivity of energy in GR, in terms of the teleparallel geometry. Using the constraint π ⊥k + 2aJTmmk ≈ 0, which holds in GR (Appendix A), one can derive another equivalent form of the energy integral,
3 x∂ γ T a aγ , appearing in the literature [26] .
After transforming the obtained surface integrals to the Lagrangian form, one finds that the linear momentum and angular momentum in the one-parameter teleparallel theory differ (in general) from the corresponding GR expressions. A purely Lagrangian analysis of the energy-momentum in the specific case of GR has been carried out in Ref. [27] , with the same result as in GR. Kawai and Toma [24] studied Noether charges for both energy-momentum and angular momentum, in a non-standard formulation of the teleparallel theory, and found that these charges have the same form as in GR. As explained in Sect. V, such a conclusion can be understood by noting that, effectively, their result for spatial angular momentum differs from ours by an additive constant.
The results obtained in this paper can be used to justify some proposals used in the literature for the energy-momentum in GR [24] [25] [26] [27] , extend the concepts of energy-momentum and angular momentum from GR to the general teleparallel theory, and study the related stability properties.
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APPENDIX A: HAMILTONIAN AND GAUGE GENERATORS
The canonical dynamics of the general teleparallel theory (1.2) is described by the total Hamiltonian [16] 
where π i 0 , π ij 0 , π ij αβ and φ are primary constraints, u are the corresponding multipliers, andH c is the canonical Hamiltonian,
whose components are given bȳ
Here, ∇ µ is the covariant derivative, n k = h k 0 / √ g 00 is the unit normal to the hypersurface x 0 = const, the bar over the Latin index is defined by the decomposition V k = V ⊥ n k + Vk, V ⊥ = n k V k , of an arbitrary vector V k , the lapse and shift functions N and N α are given as The dynamical classification of the sure constraints is given in Table 1 , where
The only terms in the total Hamiltonian H T that depend on the specific form of the Lagrangian are dynamical Hamiltonian H ⊥ and extra primary constraints φ. We display here, for completeness, the explicit form of these quantities for the teleparallel formulation of GR (GR ) [16] :
and
where B 
In the above expressions, we used the following notation:
APPENDIX B: ON SURFACE TERMS
In this Appendix, we shall discuss asymptotic properties of vector fields, which are important for understanding the structure of surface terms.
Consider a vector field A, with the following asymptotic behavior:
where a = a(n), n = x/r. We shall prove that under these assumptions
where S ∞ is the sphere at spatial infinity. Relations (B1) imply div (a/r) = 0, for all r = 0. Integrating div(a/r) over the region V outside the sphere S R of radius R, and using Stockes's theorem yields
Here, the integral over S ∞ is independent of R, while the integral over S R is linear in R:
Hence, we must have a · n dΩ = 0, which is equivalent to S∞ a r · dS = 0 . Now, using the first relation in (B1) we easily verify the statement (B2). Note that the same line of reasoning in the case of
does not lead to B · dS = 0, as one might naively expect. For example, the everywhere regular vector field B = 1 + √ 1 + r 2 (1 + r 2 ) 2 x satisfies (B3), but yields B · dS = 4π.
APPENDIX C: CONSERVATION LAWS
To verify the conservation of the improved Poincaré generators, we need their Poisson brackets withP 0 . The essential part of these brackets is the expression {π 0 γ , G}, representing the action of the Poincaré generators on the local quantity π 0 γ . Using the known Poincaré transformation law for the momenta, as given by the equation (5.2) 
In order to simplify the calculations, we rewrite β ij 0 as a sum of two terms: 
The first term corresponds to GR (2B − 1 = 0), and its contribution to the angular momentum E µν = d 3 xE µν has the form
Going now back to the surface integral, we can use the parity conditions (3.16) to conclude that the terms quadratic in f i µ and of order r −2 are even, so that their contribution to the surface integral vanishes. Hence, we continue by keeping only linear terms: ,ρ = h ν0γ .
After substituting H → H S and H → H A , respectively, in Eq. (D5b), we find
The term E µν (1) (H A ) effectively vanishes, since the expression in square brackets is antisymmetric in (γ, β), and the final expression for the angular momentum E µν (1) has the form (5.7a).
